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We obtain the renormalization group(RG) functions for the massless scalar field theory where sym- 
metry breaking occurs radiatively. After obtaining the effective potential for the radiative symmetry 
breaking scheme from that of the minimal subtraction(MS) scheme by finite transformations for the 
classical field and coupling constant, we calculate the corresponding change of the RG functions. 
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In the radiative symmetry breaking scheme[l], the scalar field does not have a tree level mass and the spontaneous 
~ symmetry breaking occurs radiatively from the effective potential[2]. The electroweak(EW) model where the symmetry 
breaking occurs radiatively have been studied extensively [3] due to its predictive power for the magnitude of the Higgs 
boson mass. In order to investigate the higher-order perturbative corrections in case of the large Higgs self-coupling, 
OA ■ we need the RG functions for the radiative symmetry breaking scheme. Recently, it was conjectured [4] that the RG 
i— h ' functions for the radiative symmetry breaking scheme (/3r) can be obtained from that of the minimal subtraction 
, ^ , scheme {(3ms) as 

"5 and 
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In this paper, we will investigate the relation between (3r and (3ms systematically. Starting from the effective 
potential for the MS scheme whose renormalization functions are known, we will obtain the effective potential for 
the radiative symmetry breaking scheme by finite trnasformations of the field and coupling constant. Then we will 
calculate corresponding change of the renormalization functions. For simplicity, we will consider the case of the X(f) A 
theory and we will see that the above conjecture need corrections if the loop orders are higher than three. 
The classical Lagrangian of the massless A(/f> 4 model is given by 



O 1 L= l -{d,<p B f + ^%. (3) 
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where the bare field 4>b and the bare coupling constant Xb- The effective potential of the massless \<j) 4 in the MS 
scheme has the form 
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V MS (K M) = E kW + V 4 E a ^L n MS (4) 



where k = (167r 2 ) 1 , ao.o = 4r , I is the order of the loop and 
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: MS = log ( — ) . (5) 



Since the effective potential of the massless A</> 4 model is independent of the renormalization mass scale /x, it satisfies 
the renormalization group equation 
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where the coefficients of the RG functions (3ms and 7ms are given by [5] 
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and 
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The effective potential for the A</> 4 theory in the MS scheme was obtained up to two- loop order [6]. In case of the 
three-loop order, we can determine terms which depend on logarithms by using the RG improvement of the effective 
potential[7]. As a result, we obtain 

V MS {\4>,V) = ^i^ X + k\ 2 (-^L ms - A) + K i X 3 (±L 2 MS - ^L MS + H + In(l)) 
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where 
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and 030 is a constant. It is easy to see that Vms(\ §■> M) given in (9) satisfies the RG equation (6) up to the order 
0(k 3 ) and a 30 do not contribute up to this order. 



A. Two Step Procedure 

In this procedure, we will follow two steps to transform the effective potential for the minimal subtraction 
Vms(A, </>, fi) into the effective potential for the radiative symmetry breaking and will investigate the correspond- 
ing change of the RG functions. 

STEP I: In this step, by making a transformation ti 2 — > tt 2 A/2, we change the logarithms Lms in Vms{\ 4>i /") to 
L where L = log (jp^) ■ As a result, we obtain V(X, <p, fi) where 
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Let us emphasize the fact that both Vms(A, <j>, /i) and V^(A, 0, /i) contains the same coefficient az jra . It is known that[8] 
the V(X, 0, zi) satisfies the RG equation 
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By expanding (13) and (14), we obtain b\ and g;: 
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Then one can easily see that V(X, (j>,fJ,) given in (11) satisfies the RG equation (12) up to the order 0(k 3 ). In order 
to see that the the RG equation (12) is satisfied to all orders, let us first substitute Vms(A, </>> M) given in (4) to the 
RG equation (6). As a result, we obtain 

J2 k'a'+V $}-2nai,„ + ^ MS X W {{1 + l)o,,„_i + na lin } + 7 Ms{4a ( ,„_ 1 + 2na hn }]L n MS 1 = (20) 
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If we substitute the perturbative expansions given in Eqs.(7) and (8) into the above equation, we can determine the 
coefficients ai :1l . Since the Lms in (20) is independent of ai :1l , we can replace it with any quantity which is independent 
of ai iTl . Then, by replacing Lms with L in (20) and by arranging terms, we obtain 

J2 k'A'+V 4 ]T[-(1 - _-^-l)2na / ,„ + (?Mj2± { i + i)^^ + 7MS {4a ; ,„_ 1 + 2na i ,„}]Z"- 1 = (21) 
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By using (11), we can write above equation as 

[(1 ^ ^f^)^ +Pms(X)^ +7i*s(A)^F(A,<M = °- ( 22 ) 

and by dividing this equation with (1 — ^ M 2 S ^ ) , we obtain (12). 

STEP II: In order to transform the V(X, <f>, into the effective potential for the radiative symmetry breaking 
scheme Vr, we need to add finite counterterms to satisfy given renormalization condition. As in case of the infinite 
counterterms, these finite counterterms will also contribute to the higher order loop expansion and this amounts to 
the redefinition of the coupling constants [9]. Then, by defining new coupling constant 77 and the classical field ip as 
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we can obtain the effective potential for the radiative symmetry breaking Vn(r], ip, n) as 

V R (r ] ,4,,n) = V(X(T ] ),<f>(iP,T ] ),Li) (25) 
which should satisfy the given renormalization condition 

~d 4 V R (ri, tp,n) 
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The constants q and di can be determined order by order from the renormalization condition given in (25). Actually, 
we obtain 

ci = -4r? 2 , di =0 (27) 
1 1 5 

c 2 - (-^ - 120(l))r; 3 , rf 2 = (28) 
2846 ^ 

c 3 = ( gg- + 150(1) - 25^(3) - 24a 3 o)r/ 4 , d 3 = 0. (29) 



4 



Althouh di = in this step, it turns out that di ^ in case of the one step procedure (see(40) and (41)). Then Pr{t\) 
can be obtained as 

«"-<$-K-^- ,30) 

In order to obtain 7k (77), let us invert the Eq.(24) as 
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Then 7_r(??) can be obtained as 
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Note that the coefficients c; and rf; determine the order k 1+1 terms of the RG functions. By substituting 
Eqs.(23),(24),(27),(28) and (29) to Eqs.(23),(24) and(25), we obtain the effective potential and the RG functions 
as 
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where L = log (jp^J 
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Note that Vr(t], V*i A 4 ) agrees with the N=l case of the two loop effective potential for the O(N) symmetric scalar field 
theory[10] and satisfies the RG equation 
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up to the order k 3 . 



B. One Step Procedure 



We can obtain the effective potential for the radiative symmetry breaking scheme directly from the effective po- 
tential for the minimal subtraction Vms{\ <P, I 1 ) without using STEP.I of the two step procedure by using the finite 
transformation of the coupling constant A and the classical field <j> as given in Eqs.(23) and (24). Then the effective 
potential for the radiative symmetry breaking scheme Vr{t] , tp , jj) defined by 



(37) 
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should satisfy following conditions: 

(i) Vn(r], ip, n) should satisfy both the renormalization condition given in (26). 

(ii) All the log" 1 (^)(l<m<Z) terms in the order n l terms of V M s should be transformed to log m (jp 

As a result of the condition (ii), the order k 1 term of the coefficients q and di contains the terms depending on 
powers of log (|). In the present case, the RG functions are given by 
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and 
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instead of (30) and (32). If we substitute the resulting coefficients to Eqs.(38) and (39), we can obtain the RG 
functions Pr(t]) and 7^(77). It turns out that these two conditions does not fix the coefficients c; and rf; uniquely 
and some choices can lead to RG functions depending on the log (|) terms. In order to fix the coefficients q and di 
uniquely, we demand additional condition: 

(hi) The resulting order k 1+1 terms of the RG functions does not contains the log (|). 

Then, the coefficients q and di can be obtained as 

ci = (-^logf?)-^ 2 , (40) 
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By sustituting the coefficients q and di into Eqs. (37), (38) and (39) we obtain the exactly same effective potential 
and RG functions as in Eqs. (33), (34) and (35). 

In summary, we have obtained the RG functions for the radiative symmetry breaking scheme from those for the 
minimal subtraction scheme by two different ways. One was by changing the mass scale fj, followed by a finite 
transformations of the coupling constants and classical field to satisfy the renormalization condition. The other was 
by using only the finite transformations of the coupling constants and classical field that depends on logarithms of the 
coupling constants. We have confirmed that he two different methods give the same results for the effective potential 
and the RG functions and satisfy the RG equation up to three-loop order. The latter method can be used in case 
of the theories which have two or more different mass scales say in 0(N) symmetric scalar field theory and scalar 
electrodynamics and this is in progress. 
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